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1 Introduction

We use [1] for terminology and notation not defined here and consider finite
and simple graphs only.

An edge-coloured graph G is called rainbow-connected if any two vertices are
connected by a path whose edges have different colours. This concept of rain-
bow connection in graphs was recently introduced by Chartrand et al. in [4].
The rainbow connection number of a connected graph G, denoted rc(G), is
the smallest number of colours that are needed in order to make G rainbow
connected. An easy observation is that if G has n vertices then rc(G) ≤ n−1,
since one may colour the edges of a given spanning tree of G with different
colours, and colour the remaining edges with one of the already used colours.
Chartrand et al. computed the precise rainbow connection number of several
graph classes including complete multipartite graphs [4]. The rainbow connec-
tion number has been studied for further graph classes in [3] and for graphs
with fixed minimum degree in ([3], [7], [9]).

Rainbow connection has an interesting application for the secure transfer of
classified information between agencies (cf. [5]). While the information needs
to be protected since it relates to national security, there must also be proce-
dures that permit access between appropriate parties. This two-fold issue can
be addressed by assigning information transfer paths between agencies which
may have other agencies as intermediaries while requiring a large enough num-
ber of passwords and firewalls that is prohibitive to intruders, yet small enough
to manage (that is, enough so that one or more paths between every pair of
agencies have no password repeated). An immediate question arises: What
is the minimum number of passwords or firewalls needed that allows one or
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more secure paths between every two agencies so that the passwords along
each path are distinct?

The computational complexity of rainbow connectivity has been studied in
([2], [8]). It is proved that the computation of rc(G) is NP-hard ([2],[8]). In
fact it is already NP-complete to decide if rc(G) = 2, and in fact it is already
NP-complete to decide whether a given edge-coloured (with an unbounded
number of colours) graph is rainbow connected [2]. More generally it has been
shown in [8], that for any fixed k ≥ 2, deciding if rc(G) = k is NP-complete.

For the rainbow connection numbers of graphs the following results are known
(and obvious).

Proposition 1

Let G be a connected graph of order n. Then

1. 1 ≤ rc(G) ≤ n − 1,
2. rc(G) ≥ diam(G),
3. rc(G) = 1 ⇔ G is complete,

4. rc(G) = n − 1 ⇔ G is a tree.

2 Rainbow connection and minimum degree

Motivated by the fact that there are graphs with minimum degree 2 and with
rc(G) = n − 3 (just take two vertex-disjoint triangles and connect them by
a path of length n − 5), and by the fact that cliques have rc(G) = 1, it
is interesting to study the behaviour of rc(G) with respect to the minimum
degree δ(G). In [3] Caro et al. have shown the following theorem.

Theorem 1 If G is a connected graph with n vertices and δ(G) ≥ 3 then

rc(G) < 5n

6
.

They also made the following conjecture.

Conjecture 1 If G is a connected graph with n vertices and δ(G) ≥ 3 then

rc(G) < 3n

4
.

For 2-connected graphs Conjecture 1 is true. This follows from the following
proposition in [3].

Proposition 2 If G is a 2-connected graph with n vertices then rc(G) ≤ 2n

3
.

Corollary 2 If G is a 2-connected graph with n vertices then rc(G) ≤ 3n−1

4
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for n ≥ 3.

Conjecture 1 has recently been proven in [9] by the following theorem.

Theorem 3 If G is a connected graph with n vertices and δ(G) ≥ 3 then

rc(G) ≤ 3n−1

4
.

The presented results motivate the following challenging problem.

Problem 1 For every k ≥ 2 find a minimal constant ck with 0 < ck ≤ 1 such

that rc(G) ≤ ck · n for all graphs G with minimum degree δ(G) ≥ k. Is it true

that ck = 3

k+1
for all k ≥ 2?

This is true for k = 2, 3 as shown before (c2 = 1 and c3 = 3

4
).

3 Rainbow connection and size of graphs

Another approach for achieving upper bounds is based on the size (number of
edges) of the graph. Those type of sufficient conditions are known as Erdős-
Gallai type results. Research on the following Erdős-Gallai type problem has
been started in [6].

Problem 2 For every k, 1 ≤ k ≤ n − 1, compute and minimize the function

f(n, k) with the following property: If |E(G)| ≥ f(n, k), then rc(G) ≤ k.

First we can show a lower bound for f(n, k).

Proposition 3

f(n, k) ≥
(

n−k+1

2

)

+ (k − 1).

Proof: We construct a graph Gk as follows: Take a Kn−k+1−e and denote the
two vertices of degree n−k−1 with u1 and u2. Now take a path Pk with vertices
labeled w1, w2, . . . , wk and identify the vertices u2 and w1. The resulting graph
Gk has order n and size |E(G)| =

(

n−k+1

2

)

+(k−2). For its diameter we obtain

d(u1, wk) = diam(G) = k + 1. Hence f(n, k) ≥
(

n−k+1

2

)

+ (k − 1). 2

Using Propositions 2 and 3 we can compute f(n, k) for k ∈ {1, n − 2, n − 1}.

Proposition 4

f(n, 1) =
(

n

2

)

,

f(n, n − 1) = n − 1,
f(n, n − 2) = n.
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For k = 2 we obtain f(n, 2) =
(

n−1

2

)

+1 by the following stronger result shown

in [6].

Theorem 4 Let G be a connected graph of order n and size m. If
(

n−1

2

)

+1 ≤

m ≤
(

n

2

)

− 1, then rc(G) = 2.
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