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1 Introduction

We consider finite, undirected graphs G = (V, E) with vertex set V and edge
set E. The graphs might have multiple edges but no loops. Let δ(G) and ∆(G)
denote the minimum and maximum degree of a graph G, respectively. A partial
proper t-edge-coloring of a graph G is an assignment of colors {1, ..., t} to some
edges of G such that adjacent edges receive different colors. If θ is a partial
proper t-edge-coloring of a graph G and P is a path, then P is called to be
α−β alternating, if the edges of P are colored by the colors α or β. A partial
proper t-edge-coloring of a graph G is called a proper t-edge-coloring (or just
t-edge-coloring) of G if all edges are assigned some color. The least number
t for which G has a t-edge-coloring is called the chromatic index of G and is
denoted by χ′(G). The classical theorems of Shannon and Vizing state:

Theorem 1 (Shannon) For any graph G: ∆(G) ≤ χ′(G) ≤ ⌊3∆(G)
2

⌋.

Theorem 2 (Vizing) For any graph G: ∆(G) ≤ χ′(G) ≤ ∆(G)+µ(G), where
µ(G) is the maximum multiplicity of an edge in G.

A graph G with χ′(G) = ∆(G) = ∆ is class I, otherwise it is class II. There are
long standing open conjectures on the class II graphs, cf. [9]. It is a notorious
difficult open problem to characterize class II graphs or even to obtain some
insight into their structural properties. This paper focuses on the ∆-colorable
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part of graphs. A subgraph H of G is called maximum ∆-edge-colorable, if
it is ∆-edge-colorable and contains as many edges as possible. The fraction
|E(H)|/|E(G)| is subject of many papers, and e.g. lower bounds are proved
for cubic, subcubic or 4-regular graphs, [1,3,5]. The aim of this paper is to
prove a general best possible lower bound for all graphs.

Let H be a maximum ∆-edge-colorable subgraph of G, which is properly
colored with {1, ..., ∆}. Usually, we will refer to edges of E(G)\E(H) as un-
colored edges. For a vertex v of G let C(v) be the set of colors that appear at
v, and C̄(v) = {1, ..., ∆}\C(v) be the set of colors which are missing at v. Let
e = (v, u) ∈ E(G)\E(H) be an uncolored edge, and α ∈ C̄(u), β ∈ C̄(v). Since
H is a maximum ∆-edge-colorable subgraph of G, we have that α ∈ C(v) and
β ∈ C(u). Consider the α − β alternating path P starting from the vertex
v. Again, since H is a maximum ∆-edge-colorable subgraph of G, the path
P ends in u. Thus P is an even path, which together with the edge e forms
an odd cycle. We will denote this cycle by Ce

α,β,H . If the subgraph H is fixed,
then we will shorten the notation to Ce

α,β.

The cycles corresponding to uncolored edges, that are the cycles Ce
α,β, play a

central role in [6,8] in the study of cubic graphs. One aim of the present paper
is to generalize some of these results to arbitrary graphs, and to investigate
the maximum ∆-edge-colorable subgraphs. We show that any set of vertex
disjoint cycles of a graph G with ∆(G) ≥ 3 can be extended to a maximum
∆-edge-colorable subgraph of G. In particular, any 2-factor of a graph with
maximum degree at least three can be extended to such a subgraph.

For a graph G let re(G) denote the minimum number of edges that should
be removed from G in order to obtain a graph H with χ′(H) = ∆(G). Let G
be a graph and φ a χ′(G)-coloring of G with χ′(G) = ∆(G) + k (k ≥ 1). Let
r′φ(G) = min

∑k
j=1 |φ

−1(ij)|, and define r′e(G) = minφ r′φ(G) as the minimum
size of the union of k color-classes in a χ′(G)-edge-coloring of G.

Clearly, re(G) = |E(G)| − |E(H)|, where H is a maximum ∆-edge-colorable
subgraph of G. In [4] it is shown that the complement of any maximum 3-
edge-colorable subgraph of a cubic graph is a matching, and hence re(G) =
r′e(G) for cubic graphs. This paper generalizes this result to simple graphs.
We further prove some bounds for the vertex degrees of a maximum ∆(G)-
colorable subgraph H .

2 The main results

The key property of cycles corresponding to uncolored edges that is used in
[6,8] is their vertex-disjointness. There are many examples showing that they
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can have even common edges in the general case. Despite this, it turns out
that, as Theorem 3 demonstrates below, the edge-disjointness of the cycles
can be preserved.

Theorem 3 Let H be any maximum ∆(G)-edge-colorable subgraph of a graph
G, and let E(G) − E(H) = {ei = (ui, vi)|1 ≤ i ≤ n} be the set of uncolored
edges. Assume that H is properly edge-colored with colors 1, . . . , ∆(G). Then
there is an assignment of colors α1 ∈ C(u1), β1 ∈ C(v1), . . . , αn ∈ C(un), βn ∈
C(vn) to the uncolored edges such that E(Cei

αi,βi
) ∩ E(C

ej

αj ,βj
) = ∅, for all 1 ≤

i < j ≤ n.

The next Theorem generalizes the result of [4] that any 2-factor of a cubic
graph can be extended to a maximum 3-edge-colorable subgraph to arbitrary
graphs.

Theorem 4 Let F̄ be any set of vertex-disjoint cycles of a graph G with ∆ =
∆(G) ≥ 3. Then there is a maximum ∆-edge-colorable subgraph H of G, such
that E(F̄ ) ⊆ E(H).

Corollary 1 Let F̄ be any 2−factor of a graph G with ∆(G) ≥ 3. Then there
is a maximum ∆(G)-edge-colorable subgraph H of G, such that E(F̄ ) ⊆ E(H).

Let G be a graph. The length of the shortest (odd) cycle of the underlying
simple graph of G is called (odd) girth of G. If X ⊆ V (G), then ∂G(X) denotes
the set of edges with precisely one end in X.

Theorem 5 Let H be any maximum ∆(G)-edge-colorable subgraph of a graph
G. Then

(1) |∂H(X)| ≥ ⌈ |∂G(X)|
2

⌉ for each X ⊆ V (G).

(2) dH(x) ≥ ⌈dG(x)
2

⌉ for each vertex x of G.

(3) δ(H) ≥ ⌈ δ(G)
2
⌉.

The bounds are best possible.

Theorem 6 Let G be a graph with girth g ∈ {2k, 2k + 1} (k ≥ 1), and H a
maximum ∆(G)-edge-colorable subgraph of G, then |E(H)| ≥ 2k

2k+1
|E(G)|, and

the bound is best possible.

Theorem 7 Every simple graph G contains a maximum ∆-edge-colorable sub-
graph such that the uncolored edges form a matching.

Theorem 7 is equivalent to:

Theorem 8 For any simple graph G: re(G) = r′e(G).
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It can be shown that a maximum ∆-edge-colorable subgraph of a multigraph
can be class II as well. This cannot be the case for simple graphs as the
following theorem shows.

Theorem 9 Let H be a maximum ∆(G)-edge-colorable subgraph of a simple
graph G, then ∆(H) = ∆(G), i.e. H is class I.

Theorem 7 says, that every simple class II graph G has a maximum ∆-colorable
subgraph H , such that χ′(G\E(H)) = 1. We believe that this can be general-
ized to multigraphs:

Conjecture 1 Let G be a graph with χ′(G) = ∆(G) + k (k ≥ 0). Then there
is a maximum ∆(G)-colorable subgraph H of G such that χ′(G\E(H)) = k.

This conjecture is equivalent to the following statement.

Conjecture 2 For any graph G: re(G) = r′e(G).
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